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Symbols used Syllabus outcomes addressed

A Beware! Heed warning. ME12-2 applies concepts and techniques involving vectors
and projectiles to solve problems
Provided on NESA Reference Sheet
Syllabus subtopics
Facts/formulae to memorise.

) ) ME-V1 (1.1, 1.2) Introduction to Vectors (Introduction to
Mathematics Extension 1 content. vectors, Further operations with vectors)

Literacy: note new word/phrase.

X B ® 08 &

Further reading/exercises to enrich your understanding
and application of this topic.

“ Syllabus specified content

Q Facts/formulae to understand, as opposed to blatant
memorisation.

N the set of natural numbers
Z the set of integers

Q the set of rational numbers
R the set of real numbers

V for all

o Gentle reminder

e For a thorough understanding of the topic, every question in this handout is to
be completed!

e Additional questions from Haese Mathematics for Australia - Specialist
Mathematics 11 (Haese et al., 201 EJ ) CambridgeMATHS Year 12 Extension 1
(Pender et al., 201 Q will be completed at the discretion of your teacher.

e Remember to copy the question into your exercise book!
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e ign T e e
: : : E Defmltlon 1 : : : : : : : : : : : : :

Quantities which only have are known as scalars.

........ .......... ........ .......... Q Defm|t|0nu2,,.,,....§ ....... USRS OO SN OO O SO UL UOUSSONN SO U SO SUOE OO SO SO S OO SO .........

Quantities which have both and
are known as vectors.

.............................. [ Fill in the spaces

Other examples of vector forces:




......... 12 44444 Répreéenté‘tiorf .......... 444444444 ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

....... ..... 1..2“1 ..... Geometrlc ....... ........ ....... ....... .......... ........ ......... ........ ........ ......... ........ ....... ........ .........
C/, Fill in the spaces

Vector quantities can be represented using a directed line segment or arrow.

......... M ...... ° The Of the arrow I‘epl‘esents the ......... ......... ..........

......... ...... e The shows its direction. ......... ......... ..........

Q Defmltlon 3

Two vectors are equal if they have the same and

/ Corollary 1

The position of the starting point (tail) and ending point (arrowhead) does
matter.

=0 P i s o O P O O 0 40 0 Y 1

Given P—Cj as shown, draw two other vectors, a = AB and e= EF such that

................. PQ=AB=EF

B p S S

......................................................




INTRODUCTION TO VECTORS — VECTOR ARITHMETIC 7

1.3 Vector arithmetic

1.3.1 Addition
0 Important note
A Use a ruler!

Steps
For vectors p and g, to perform p+q:
1. Draw p.

2. Draw q, starting from the arrowhead of p.

3. Draw vector from the of p to the

1.3.2 Subtraction/negative vectors

&) Definition 4

If p is a vector, then —p is equal in but

n

‘{s Example 2

dHa&sg_eLalJ, |2Ql§j) PQRS is a parallelogram where P_Q) = a and ﬁ = b. Find

vector expressions for: b
Q > R
a
P S
(a) QP (b RG () SR (1) SP

NORMANHURST BOYS’ HIGH SCHOOL INTRODUCTION TO VECTORS



8 INTRODUCTION TO VECTORS — VECTOR ARITHMETIC

1.3.3 Magnitude and zero vector

& Definition 5

The magnitude of a vector p is given by ‘E ‘

&) Definition 6

The zero vector has magnitude zero, i.e. ‘p‘ = 0. Direction is not

Usually written as 0 (handwritten: Q).

1.3.4 Scalar multiplication
&) Definition 7
If p is a vector, and A € R,
o If A > 1, then Ap extends the

the vector p by a factor of A).

e fO<A<I thenAp the magnitude.
o If A =0, then Ap = 0.
e If A < 0, then Ap sees the magnitude scaled by |A| and direction

&, Laws/Results

e p and Ap, A > 0 are

e p and Ap, A <0 are

O GeoGebra

Scaling vector investigation

INTRODUCTION TO VECTORS NORMANHURST BOYS’ HIGH SCHOOL


https://www.geogebra.org/m/Vp6p6Wyd

S ... INTRODUCTION TO VECTORS ~ VECTOR ARITHMETIC . = = SR TN VOV OO OS UUUE VL UL SOOI TN SOV OO

......... .......... OGeoGebra .
| | | Vector addition - what shape is always formed when adding vectors? -

and > (diagrams drawn to scale),

o S



https://www.geogebra.org/m/tgwebpvy

......... .......... - ’Is"E;(ampgleﬁ““; .......... NI e e, S ST U S S SR i, ......... ......... ..........
| : (IH.a.ﬁSﬁ_eI_alJ, lZQlﬂ) PQRSTU is a regular hexagon. If P_Cj = a and Cﬁi = b, find in _________ _________ ..........

terms of a and b:

(a) PX (¢ QX
i) 26 (d RS

o S




......... .......... .......... 1'.'4‘“éVecftor‘é‘qua‘tfion‘sé ........ ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

............................. Vet
o Added

e Have scalar multiplication applied
in the same manner as wusual scalar numbers, with the same
commutative/associative/distributive laws.

......... ......... e Draw picture if it’s slightly uncertain what is AC. ..........

e Convert the vector arrow notation OC to the single variable notation c

o S




(a) DE is parallel to AB

S L] 1
| : (b)  the length of DFE is 3 times that of AB.

S - - Further éxercises. i i i i i L i S SRR

Ex 3A-3C (Haese et all, 2015) Ex 8A dRendeI_em_alJDQlQ

More introductory type questions
( y type q ) . QL19

° Every second subpart . A Q20 21




......... .......... .......... 2..14”..Vector components....é ......... ......... .......... ......... ......... .......... .......... ......... ......... ......... ..........

2 1. 1 Unlt vector

Q Defmltnon 8

The unit vector has

L Laws / Results

For every vector p there are two normalised (corresponding unit) vectors:

o S


https://www.geogebra.org/m/dz4Mdhgb

RY — VECTOR COMPONENTS

SIMPLE VECTOR G [}

Q Deflmtlon 9

In the Cartesian plane, define the basis vectors to be unit vectors in the
e 1z direction to be i e y direction to be j

................. y
2 1
L

................ J

> } T
................. 11 2




S ©......... SIMPLE VECTOR GEOMETRY — VECTOR COMPONENTS :. . . . . . SRS SO NS NI LA 15

e il inthe SPACES

.| o The position (5,3) can now be notation: .
| : : : represented via a translation vector. T :

o T e

......... .......... .......... 1 where
| : ‘ : e The component form is xi+yj

e Represented in column vector notation: (;)

e Year 7-10 ordered pair notation: (x,y).

........ .......... ......... 0 im‘pbfta‘r‘it“hb’té" ......... TR ......... ......... ......... ......... .......... ......... ........ ......... ..........

| Penderetall (2019) and  |Mathematics Extension 1 Stage 6 Syllabus
| (2017, Revised 18/11/2019

) both wuse brackets instead of parentheses for the

................................. column vector delimiters, e.g.

L e

Tertiary education providers however, tend to use parentheses.

....... .......... ........ , ‘{s Exahple 8

A ship S leaves port O and sails north-east at 20 km/h. Describe its position after 6 :
hours by giving its position vector as a sum of multiples of the basis vectorsi and j. SRR




o 2.1.3 Position vs displacement vecors

&) Definition 11

A position vector of a point P is the vector 0—15, where the vector commences at the

and finishes at P.

e T B L T B O B T i o L A A L

......... .......... . . Each pOlIlt P the Cartesmn plane corresponds % the pOSithH VeCtOI' 4444444 .......... ......... 444444444 ......... ..........

.11 7 UYL IS 0 O 0 O T e

A displacement vector is the vector AB , where the vector commences at the point A
and finishes at B.

A displacement vector  gives the : § § § § § § . of a point from

another.:

........

e Vebtor of poimt A Telative bo pidtrh Br bbb

....... .......... . -GebGebi*a ...... SO O OO O O OO OO SUUS N UOE SOUECUR SO N SO SORE SOOE SO S S ....... ........ .........

LJ Position Vector Investigation - see how a position vector is different to a
displacement vector.

Q Lavfzs/Reéults

For two points P and () with position vectors p = (g 1) and q = ((q;) respectively,
~ 2 ~ 2

—> —_— —



https://www.geogebra.org/m/VHdFGMsb

. .‘s,Examp,eg _________ RO O 0 O
| : : | (Haese ct all, 2015) AB is a diameter of a circle with centre C(—1,2). If B is (3,1), :
find:

BC

the coordinates of A.

()
(b)

B(3,1)

[2020 Independent Ext 1 Trial Q3] In the diagram, OABC is a paralleogram
The vector OA = a and OC = c. M is the mldpomt of OA. Which of the following

expressions is represented by the vector M MB?

B

C

................................ (A) %@—g (B) %@4— (C) @—%g (D) a—|—%c
.............................. NORMANHURSTBOYSHIGHSCHOOLINTRODULTIONT()VEOTORS



18 : : : : : : : : : SIMPLE VECTOR GEOMETRY — VECTOR: COMPONENTS

T gl T

[2020 NEAP Ext 1 Trial Q7] The position vectors of points A and B are a and

b respectively. Point C' is the midpoint of OB and point D is such that ABCD is a

arallelogram. A
o Co 3 . B S - R

e 0 [ N
5 : Which of the following is the position vector of D? : : :

o lw e ® B2 © Bk O

o S




......... .......... ........... 22Vect0r arlthmetlc InVDIVlng COIUmn Vectors .......... .......... ......... ......... ......... ..........

JS TR S S 223_ ..... Addnunl 4444444 ;mmg ......... ; 444444444 ; .......... ; .......... ;mmg ......... ; ......... 0TSO N O O 6 O

Q Laws / Results

If p= (y) and q= (v)’ e . . ..........

e Add

o Add

ptq=

components (z direction, i) with »»»»»»»»»»

O GeoGebra

Vector component addition

‘{s Exahple 12

()

@ndmmm ________ ..........

Given u =2i—jand y = —i+ 2}, find:

1. 2u ii. 3V ii.  2u+3v

Draw all five vectors as position vectors. What figure do the origin and :
heads of 2u, 3v and 2u + 3v form? ot

Given u = (i’) and v = <;>7 findy—w ,,,,,,,,,,

Draw u = OU and v = OV as position vectors, and mark v — u.



https://www.geogebra.org/m/bqxgmn4f

g

-2-2~~~sca1armumphcatmn»------ﬁ ......... _________ _________ .......... _________ ......... __________ ......... _________ ——

C‘ Laws/Results :

(Haese et all, 12015) pr-()andkeRthen

......... 223 ..... Mégﬁifﬁdé ........ .......... ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

. Q Laws/Results ,,,,,,,

Iftp= (;) then

o S




o ]s'Exampiem ......... e

(Haese et all, 2015, Ex 3D) Find k such that the vector is a unit vector.

i .......... .......... | @ <2) (b) (’g) (©) (’f) () <’;> (e) @) ________ __________

Answer: (a) £1 (b) £1 (c) 0 (d) +J5 () +33

Of p. Answer: +3




......... ...... ’ls“Eg)'(ampgle“l'Tg .......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........
: : (Haese et al., !!5 Ifa—31—J,ﬁnd : : :

(a)  a unit vector in the direction of a

""""" """" (b)  a vector of length 4 units in the direction of a """"" """"" """""
| (© vectors of length 4 units which are parallel to a. B
................. Answer: (a) Asi- i) 2Li- i+ (2Li-))

""""""""" [2020 NSBHS Ext 1 Trial] OM =2i+5j and OT = —3i+7j. What is the value




....... .......... ......... 224 ..... Drrectlon .... ....... ........ ......... ........ ......... ........ ........ ........ ....... ........ .........
&‘ Laws/ Results

Ifp= (x) , then the direction of the vector is measured by the formed

by the vector with the positive direction of the horizontal axis, i.e.

tanf = Y
z

where 6 € [0°,360°) (and radians where applicable)

A @ Later in Complex Numbers, § € (—m,m]. The quadrants used may vary
between contexts - read the context carefully.

& Laws / Results

""""""""""""""""" Components of a vector in terms of the magnitude and direction: if p = 1 i+ j,
............................... Y
wr-————————-""="=-=-=-=-=-—- ,P

.................................. | e S O S
|
fs)\ |

............................... 1 | e
) |

............................... |
|
|

.................................. |
0 l

: : : : e :
E ......... § .......... § 4444444444 § . ml ........ § ..........




................. Pender et all, 2019)

(a)  Find the vector u of length 10, with angle 150° to the positive direction of the
horizontal axis.

: : (b)  Find the length and angle (exact length, angle to the nearest degree) of : :
. o V= —i-2j. S S .

SR R Answer: (a) u= —5v3i+ 5j(b) |E| = /5, 6 ~ 243°. L S L

# ngampgle 20

[2020 JRAHS Ext 1 Trial Q7] How many of the following statements are true?

......... ...... ° ‘@‘ + |b| = |/@+ b| means that a and b have the same direction. ......... ......... ..........

o ’@’ + |b| = |@ = b| means that a and b have the opposite directions.

o ‘@‘ + |b| = |@ = b| means that a and b have the same magnitude.

e |a| — |b| = |a — b| means that a and b have the same direction.

z— Further exercises

......... ~ ...... EX 3D 3G I I I I EX 8B IP = r ll’ I2 1 I) ......... ..........

(More introductory type questlons)

e Every second subpart e QI11-18




31 Defintions
. &) Definition 13 : : 5 5 5 § § § § § § :
""""" The dot product between two vectors p = x11+yij and g = 221+ ¥ (also known

as scalar product): © - o000 L

....... .......... .......... ......... 9 GeoGebraw»»»----i ......... S S L S L L L o L ..........
| : ' | Dot Product Insight |

| Usep= @) ete to prove the following:
| : : : 2

(a) p-a=gq-p (Commutativity) e

()



https://www.geogebra.org/m/N9pvSPf4

- DEFINITIONS

26 : : : : : : : VECTOR GEOMETRY WITH THE DOT PRODUCT

g ’}‘Exampleez .......... ...
| : (IHa&s&wLal] 2015, Ex 3I) Explain why a - b - ¢ is meaningless. : o

..............................................................................................................................................................................................................




VECTOR GEOMETRY :WITH THE DOT PRODUCT = ANGLE BETWEEN TWO VECTORS : : : 227

......... .......... .......... 3'.'2‘“EAngle"bétwe‘én“tWoviectofrs ....... .......... ......... ......... .......... ......... ......... ......... ..........

......... .......... .......... T he dot : product enables the . 4.. ” . .'. ‘ .; 4'4 " ,‘. . ...... 0 . between tWO Hon_zero VeCtOI-S tO be found' ......... ..........

BSOS P 0 O O O O 0 O
| : : : The angle 6 between two non-zero vectors p and q is related by: :

q-—Dp.

......... .......... .......... . 2. Apply the COSIIle rule tO the tl‘langle ........ ..........

....... .......... ........ 1 4. Consequently,




Geometric results of the dot product

................. . IfE SRR S, ‘. g Rl

-a=[g|fo eos0

G GeéoGebéra

| Parallel Vectors investigation

o }‘Examp'e23 S O

[2022 Ext HSC Q11] (2 marks) The vectors u = (CQL) and v = (a [ 7) are

................. 4a — 1
perpendicular.
What are the possible values of a? Answer: 2 or — 1
o T Example2s
(Haese et all, 2015) Consider the points A(2,1) and B(6,—1) and C(5, —3). Use the
SRR p dot product to determine whether AABC' is right angled or not. If so, locate the P pe
| : right angle. Answer: At B : : :



https://www.geogebra.org/m/Gvqd5GT3

gExample 25 .......................................................................................................................................
""""""""""""""""""" (lHaese et al.. 2015) Find the form of all vectors which are perpendicular to ( 4>
............................... Answer: k _34>
‘I Example26 ........................................................................................................................................

7€ Example 27

(Ha&wl_l [2!115 Vectors a and b have lengths 5 and \/7 respectively. The angle
between them is 110°.

Find the value of a - b Answer: —4.525

o S




......... .......... L ’Is"ngampgle“ZBE .......... R SR S i e S i, s ......... ......... ..........
""""" """" (Haese et al, 2015) Find the angle between a = (_32> and b = (;) Answer: ~ 116° """"" """"" """""

Ts Eéxampgle 295

(IHagsm_au 2015) Given A(2, —1) ( ,4) and C(—1,3), find the size of ZABC.

Answer: =~ 64.7°

......... ................ 0 Important note' ...... fronadesifiiins, TR Beioiiuun e R IS ST B PP SRR JUURE RO S NP ......... ......... ..........

Draw a simple diagram first!

o S




(2020 NEAP Ext 1 Trial Q10] The diagram shows OABC, a rhombus in which
OA=CB=aand OC = AB =c.

C > B

O >/ A

a

To prove that the diagonals of OABC' are perpendicular, it is required to show that

(A) (a+¢)-(a+g) =0 (C) (a—¢)-(a+c)=0
B) (@-¢-(a—¢)=0 D) a-c=0

[2020 JRAHS Ext 1 Trial Q10] It is given that a = (;?) ,bi= g) If the angle

between vector a and b is obtuse angle, what is true for the value of m?
(A) m<4 (C) m>4

(B) m<4andm#—3 (D) m#4and m>—9

NORMANHURST BOYS' HIGH SCHOOL INTRODUCTION TO VECUTORS



......... .......... . ?3"E&amﬁle"3’2§ ......... i, e SR e e, SR i, i, ......... ......... ..........
| : [2020 Independent Ext 1 Trial Q11] In the dlagra,m OAB is an acute angled : : :

| A triangle in which OA = OB. The vector OA = a and OB = b. A A A
........ ....... B ........ ......... ..........

B A SRR
......... ....... O a ......... ......... ..........

aabN b-b—a-b
|

......... ....... (1) ShOW that CcOS ZOAB — and CcOoS ZOBA —_— L T 7 4 ......... ......... ..........

bHa— la Ja -1l

-------- """"" (ii)  Hence show that ZOAB = ZOBA by using vector methods. 2 -------- --------- """""""

o S




e .‘s,Examp,e% ......... T —_—E

_________ .......... .......... 1 [2020 JRAHS Ext 1 Trial Q12] In the isosceles triangle ABC), ‘AB ‘ ’AC’ ’ ........ ..........
is the midpoint of side AB and E is the midpoint of side AC. CD is perpendicular
s e e B R R NS e

(i)  Draw the diagram and label ZBAC = # and ’E’ = 7, 1

(i)  Hence noting that CD may be written as AD — AC , or otherwise, use 3

vector methods to find the value of ZBAC.

o S

. 3= Further exercises

......... ~ ......... _ EX 31_3J IH ll,l 1 I) EX SC IP n r 1I,l 1 |) ........ ..........

(More introductory type questions)

e Every second subpart e All questions




o Important note : : 5 : : : : : : :

Geometric proofs involving vectors are vastly different to the Euclidean Geometry
proofs!

e Introduce vectors, by choosing one of the vertices or a point outside the figure
as a reference point/origin.

e Use the and of vectors to

complete a triangle.

° vectors are of each

. The ............................. iS Zero When tWO .......... TUUVOYU U

some of the vectors.

""""" """" e The may also allow access to the angle between

T 00 O 0
[Ex 8D Q2] “ P, Q, R and S are midpoints of AB, BC, C'D and DA respectively. :
o = LetAB—aBC’ bandAD dandDC—c R o S
ST P B (a)  Explainwhya+b=d+c
: 4 (b)  Express ]—:65 in terms of a and b. A
§ Q (¢)  Express ST in terms of d and c.
................ . @) Honoe show e
................ C (e)  Deduce that the quadrilateral PQRS is

a parallelogram.




............................... =

A Ll O 1T B
Prove that a circle with diameter AB passes through P.

o S




T gl B

[Ex 8D Q6] 66 In the diagram OABC is a parallelogram whose diagonals OB and
AC are equal. The points A and C have respective position vectors a and ¢ relative

to O.

C. B

O o

a)  Explain why CB = a.

b)  Write AC in terms of ¢ and a.

c)  Explain why |[c+a| = |c—a.

d)  Use the result in the previous part, and the fact that ‘)5 ‘2 = v -V, to show that

a-¢c=0.
: : ()  What conclusions can be made about a parallelogram whose diagonals are _ _
JE . equal? e SR SR




VECTOR GEOMETRY :WITH THE DOT PRODUCT = OTHER GEOMETRIC:PROOFS : : : : 237

O Bl 7

[Ex 8D Q10] &6 Use vectors to prove that the sum of the squares of the lengths of
the two diagonals of a parallelogram is equal to the sum of the squares of the lengths
of the four sides.

o S

.............................. : NORI\/IANHURSTBOYS’HIGHSCHOOLINTRODUCTIONTOVEOTORb



- W 0 LU 0 W O O O O O 0 O

Given three points P(1,2)

v Q(37 3) and R(77 _1)7

Q(3,3)
M

o+

i | I x
45 N
R(7,~1)

Express 5]—5, 6_@ and OR in terms of iand j.

(a)
—— | — —> —
(b) IfQM = ZQR’ express P@Q) and OM in terms of i and j.

(¢)  Deduce that PQ || OM.

o S




In the following figure, the position vectors of the points A and B with respect to the

origin are a and b respectively. They are unit vectors making angles o and g with
the positive direction of the x %xis.

Prove that:

............................. (0) g:Cosai+sinaiandb:Cosﬁl+sinﬁl

......... (b) COS(O[ = ﬁ) = COSCMCOSﬁ +SiIlOfSiIl6.

o S




TR N = B mple 40 ......... A
o (So & Wong, 1987, Ex 12-5) In the figure, ACXW and BCY Z are squares. CA-s
CB = bCY yandC’X—x ;

Y

X X C

-

w A B
......... ....... (a) Prove thatg~b—|—z-zg=0. ......... ......... ..........
......... ...... (b)  Deduce that AY | BX. ......... ......... ..........

o S




VECTOR GEOMETRY :WITH THE DOT PRODUCT = OTHER GEOMETRIC:PROOFS : : : : S 41

O Bl

A I the diagram, ABCD is a square with AB = iand AD = j- P and @ are
respectively points on AB and BC' produced with BP = k and CQ = m. AQ and 5
DP intersect at £ and ZQEP = 0. 5 R R UTIEISL IO ERRINTE S0 SO0 SOF OO L RSOt MO Sy S

......... .......... .......... : A 5 Pt b ..........

(a) By calculating A_Cj . ﬁ, find cos 6 in terms of m and k.

SR T T T S [ 50U O SO0 OO SO0 0 9090 OO0 SO DO SO0 OO S VOO SO o

i. Express AFE in terms of k.

AFE e
ii. Let — = r. Express AE in terms of r and m.

AQ

iii.  If & =90°, use the results above to find the values of k, m and r.

Il
—

Answer: (a) = (b) 1 Mi—l—%iii.ri+r(1+m)iiii.r:%,m:k

3 : : : b) i. :
SERTITES FRERERERRE: e = \/(m2+2m+2)(k2+2k+2) ........ PRERRREREE




o S

1 i

z= Further exercises

...... Bx 3L | o) Ex 8D | ) ..........

(More introductory type questions)

e Every second question e All questions




......... .......... ........... 3..4 .... PrOJectlon Of a vector on tO another vector ........ ......... ........ ......... ......... ..........
| : : - &) Definition 15 : ; : ; : : : ; ; : :

The projection of a vector a on another vector b is a vector parallel to b with the
following notation:

proj, a

In the diagram given, OF is the projection of a on to b.

Assumption: b is a

SR S S OImportantnote T T OO0 OO OO OO OO SO ST O

Plain English: the projection of vector a on to vector b is the

from on to

Q Lgaws/zResu[:ts
The projection of a on to b, b # 0:

......... .......... .......... ............ G eOGEbI’a ......... ......... .......... .......... ......... ......... .......... .......... ......... 444444444 ......... ..........

Projection of vector a on to b



https://www.geogebra.org/m/pKcAsWcY

......... .......... L C,/'Frl‘l in the spaces llll SRR NS SO SO OO S b, S SR TR O ......... ......... ..........
: _______ - The following diagrams are taken from@sgjjj_.l (IM ), explanations paraphrased: =~ -
AY

444444444 ....... a .. 444444444 ......... ..........
? ? / e Consider a  vector a in  the : :

................. ) TN B S plane e
x
\ ]
.................. o If & light is shone on to the vector from the
............................... it will casta
y on the y axis

e This is the

projection o/ i meceesmeeceee e :
S . e d vector L. e

of a on the y axis

e Also known as the y component of the vector
a.

_______ ‘‘‘‘‘ o Ifa= (g), then projigz ‘‘‘‘‘‘‘‘ ......... ..........

| : e Similarly, if a light is shone from the : : :
444444444 ,,,,,,, , the is the 444444444 ......... ..........

V|| o

....... ,,,,,,, ’% on the T axis. ........ ........ ..........
: : D \—» : : :
S o projection z 2 . T S o
| g vector o Ifa= 3 then projja= : ; g
| : , : : :

""""" """" o If the light is shone through vector a
: : on to another vector b so that the light

S to b,
................. projection the cast on b is the ... .. i
vector \y el T
------------------------------------------ Of
................. b aon tO b




VECTOR GEOMETRY WITH THE DOT PRODUCT — PROJECTION OF A VECTOR ON TO ANOTHER VECTOR 45

3.4.1 Derivation

Consider the diagram:

e As proj, a is a vector in the same

e Suppose 6 is the acute angle between a
and b.

e Give the relationship between PQ), |al
and 6:

in b’s direction, multiplied by a scalar multiple

proj, a =

€, Laws/Results

The projection of vector a on to vector b:

“See Section

NORMANHURST BOYS’ HIGH SCHOOL

INTRODUCTION TO VECTORS



. 3_4_2....Examplesandpmofs._____é ......... _________ _________ .......... _________ ......... __________ ......... _________ ——

NN & Eampled2

Find the projection of a = <§> ontob= (_53>, and state the length of the vector.

Answer: proj, a = 3?—4 (_53), length \/%71

1€ Example 43

""""""""" [2020 JRAHS Ext 1 Trial Q11] It is given that A(—2,3), B(4, —5),C(—7,—6) and

.................. D(-5,-2).
i.  Find the vector projection of AB on to CD. 2

""""""""" ii.  What is the vector component of AB perpendicular to C'D? T

o S




VECTOR GEOMETRY :WITH THE DOT PRODUCT — PROJECTION:OF'A VECTOR ON TO ANOTHER VECTOR S 47

....... .......... .......... ‘{3’Example44 ........ e e, R UE RN SO I SR s i, e e, ..........
| : : : [2022 Ext 1 HSC Q6] The following diagram shows the vector u and the vectors :
f1v+;]v7 _,iv—i_;]‘v? _fiv_,jvandi_i‘

Y

.................................. u
xXr
________________________________ —i-] 1-j

(Drawn to scale)
Which statement regarding this diagram could be true?

(A)  The projection of u onto i+ j is the vector 1.1i+ 1.8].

The projection of u onto —i+ j is the vector —0.41+ 0.4].

) .
(C) The projection of u onto —i — j is the vector 3.2 +3.2j. """"""
)

The projection of u onto i — j is the vector 0.51—-0.5j. """""




e .‘sExamp,e% _________ S O S SO SO SO _________ s

[2022 Ext 1 HSC Q14] (3 marks) The vectors u and v are not parallel. The vector = - o
p is the projection of u onto the vector v. : ? ?

B O The vector p is parallel to v so it can be written as A\gv for some real number ).

(Do NOT pr~ove this). ......... ......... ..........

Prove that [u — Av| is smallest when A = Ay by showing that, for all real numbers A,
|L1,—)\0,Y| < |Ll,—)\y‘. ; ; §

= Further exercises

""""" """ Ex 3K (Haese et al), 2015) Ex 8E (Pender et al), 2019)

(More introductory type questions) : ; :
e Every second subpart e All questions 5 5 5
............... e e e e s S B S S S R P SR oo, S B B



Section A

Past examination questions

e Most questions in this section originate from various VCEs.

e Two additional terms which are not used in the NSW Syllabuses but have equivalents:

&) Definition 16

Vector resolute is synonymous with the the vector projection.

&) Definition 17

Scalar projection is the length of the vector projection, with a negative sign if the
projection has an opposite direction with respect to b

A.1 2006 VCE Specialist Mathematics

A.1.1 Paper 2 Section 1
15. In the parallelogram shown, |@| =2 |b‘

/

a

Which one of the following statements is true?

(A) a=2b (C) b-d=0

49



50 PAST EXAMINATION QUESTIONS — 2008 VCE SPECIALIST MATHEMATICS

A.1.2 Paper 2 Section 2
Question 8

Point A has position vector a = —i — 4], point B has position vector b = 2i — 5j,
point C' has position vector ¢ = 51—4 ], and point D has position vector d = 2i+5]
relative to the origin O.

(a)  Show that AC and BD are perpendicular. 2

(b)  Use a vector method to find the cosine of ZADC' the angle between DA and 2
DC.

(¢)  Find the cosine of ZABC, and hence show that ZADC and ZABC are 3
supplementary.

Point P has position vector p = 2i.

(d) Use the cosine of ZAPC' and an appropriate trigonometric formula to prove 3
that ZAPC =2/ADC.

A Tip: attempt this question after Topic 9: Radians & @ Further
Trigonometric Identities 1. Requires cos 2z = 2cos?z — 1.

A.2 2008 VCE Specialist Mathematics

A.2.1 Paper 2 Section 1

17. If P,(Q and R are three collinear points with position vectors p.q and r 1
— 11—
respectively, where @) lies between P and R. If |QR| = 3 ‘PQ , then r is
equal to
3 1 3 3 3 3
A) —q— = —q— = E) -p—=
(A) 59-3p (€) 59-3p (E) 52— 39
3 1 1 3
B) -p— = D) -p— =
(B) 3p—354 (D) 5p—34

INTRODUCTION TO VECTORS NORMANHURST BOYS’ HIGH SCHOOL



PAST EXAMINATION QUESTIONS — 2009 VCE SPECIALIST MATHEMATICS 51

A.3 2009 VCE Specialist Mathematics

A.3.1 Paper 2 Section 1

17. Vectors a, b and ¢ are shown below. 1

From the diagram it follows that

2

2 2

(A) ef* = faf* + [bf (D) " = la|” +[b]" + af [b]
(B) |ef* = [af"+ [b]" - Ja] [b] (B) |¢* = [a* + [b* ~ |a- D]
(©) e* = faf* + b + |a- ]
A.4 2011 VCE Specialist Mathematics
A.4.1 Paper 2 Section 1
10. The diagram below shows a rhombus, spanned by the two vectors a and b. 1
a
It follows that b
(A) a-b=0 (C) (a+b)-(a—b)= (D) |a+b[=|a—Db]
(B) a=b (E) 2a+2b=0
A5 2018 VCE Specialist Mathematics
A.5.1 Paper 2 Section 1
11. Consider the vectors given by a =mi+jand b =i+ mj, where m € R. If the 1
acute angle between a and b is 30°, then m equals
1 \/@
A) V2+1 C) V3, — VoI
(A) (C) 7 B) 3
V3
B) 2+ +v3 D
(B) 2+ V3 o)

NORMANHURST BOYS’ HIGH SCHOOL INTRODUCTION TO VECTORS



52

PAST EXAMINATION QUESTIONS — 2020 ExT 1 HSC

12, If }§+ b| = |g| + |]Q} and a, b # 0, which one of the following is necessarily

true?

(A) ais parallel to b (D) a=-b

(B) |a| = |b] (E) a is perpendicular to b
(C) a=b

A.6 2020 Ext 1 HSC

4.

Maria starts at the origin and walks along all of the vector 2i+ 3], then walks
along all of the vector 31 — 2] and finally along all of the vector 41— 3].

How far from the origin is she?

(A) V77 (C) 2v13+ V5
(B) V85 (D) V5+V7+V13

The vectors a and b are shown.

Which diagram below shows the vector v = a — b?

The projection of the vector (g) on to the line y = 2z is (g)
The point (6, 7) is reflected in the line y = 2z to a point A.

What is the position vector of the point A?

W (1) @ (5) °F) o)

INTRODUCTION TO VECTORS

NORMANHURST BOYS’ HIGH SCHOOL



PAST EXAMINATION QUESTIONS — 2020 ExT 2 HSC 53

Question 11

(b)

For what value(s) of a are the vectors (_al> and (2@2— 3) perpendicular? 3

A.7 2020 Ext 2 HSC

This question does not contain any Extension 2 specific content, and so is placed in this
summary instead.

Question 15

(b)

CB
The point C' divides the interval AB so that 1= M The position vectors
n

of A and B are a and b respectively, as shown in the diagram.

C B
0
i. Show that AC = —~ (]g—g). 2
m-+n
ii. ProvethatO—C): m a—+ n b. 1
m+n- m+n—

Let OPQR be a parallelogram with OP = p and OR = r. The point S is

the midpoint of QR and T is the intersection of PR And OS, as shown in
the diagram.

P Q

(0]
— 2 1
iii. Show that OT = §£+ 3P 3
iv. Using parts (ii) and (iii), or otherwise, prove that T is the point that 1

divides the interval PR in the ratio 2 : 1.

NORMANHURST BOYS’ HIGH SCHOOL INTRODUCTION TO VECTORS



54 PAST EXAMINATION QUESTIONS — 2022 ExT 1 HSC

A.8 2021 Ext 1 HSC

Question 14

(a) A plane needs to travel to a destination that is on a bearing of 063°. The 3
engine is set to fly at a constant 175km/h. However, there is a wind from
the south with a constant speed of 42 km/h.

On what constant bearing, to the nearest degree, should the direction of the

plane be set in order to reach the destination? Answer: 075°
(c) i. For vector v, show that v-v = ’yf. 1
ii. In the trapezium ABCD, BC' is parallel to AD and ’Z@‘ = ‘B_ﬁ‘ 3
B C
NOT TO
SCALE
A¢ *D

Letgzﬁ,bzgaand@:kéﬁ,Wherek‘>0.

Using part (i) or otherwise, show 2a-b + (1 — k) ‘}g‘z = 0.

A9 2022 Ext 1 HSC

8. The angle between two unit vectors a and b is # and | a-+ b| < 1. 1
Which of the following best describes the possible range of values of 67
m 2
(A)0§9<§ (D)§<0§7r

o Note: attempt this after Topic 9
(Radians) has been completed.

INTRODUCTION TO VECTORS NORMANHURST BOYS’ HIGH SCHOOL



PAST EXAMINATION QUESTIONS — 2023 ExT 1 HSC 55
Question 13
(a)  Three different points A, B and C are chosen on a circle centred at O. 3
Let a = 52, b= OB and ¢ = OC. Let h=a+b+candlet H be the point
such that OH = h, as shown in the diagram.
A
NOT
TO
SCALE
B
C
Show that BH and CA are perpendicular.
A.10 2023 Ext 1 HSC
6. Given two non-zero vectors a and b, let ¢ be the projection of a onto b. 1

What is the projection of 10a onto 2b?

(A) 2¢ (B) 5¢ (C) 10¢ (D) 20¢

NORMANHURST BOYS’ HIGH SCHOOL

INTRODUCTION TO VECTORS



56 PAST EXAMINATION QUESTIONS — 2023 ExT 1 HSC

Question 14

(c) i. Given a non-zero vector <Iq9 >, it is known that the vector ( 1 ) is 3

perpendicular to (g ) and has the same magnitude. (Do NOT prove
this).

Points A and B have position vectors OA = (al) and OB = (bl),

a2 by
respectively.

Using the given information, or otherwise, show that the area of AOAB

is — |a1by — agbq|.
182‘a12 CL21|

ii. The point P lies on the circle centred at I(r,0) with radius r > 0, such 4
that I P makes an angle of ¢ to the horizontal.

The point @ lies on the circle centred at J(—R,0) with radius 2¢ to the
horizontal.

v

2t i

NotethatO—P):O_jz—i—I_P)andO—Q):m—i—ﬁ.

Using part (i), or otherwise, find the values of ¢, where —7 < ¢t < T,
that maximise the area of AOPQ.

INTRODUCTION TO VECTORS NORMANHURST BOYS’ HIGH SCHOOL



PAST EXAMINATION QUESTIONS — 2024 NBHS ASSESSMENT TASK 1 57
A.11 2024 NBHS Assessment Task 1
Question 4
(a) The diagram shows AABC, and the line 2z + y = 8 with x and y intercepts
at A and B respectively. The point C' has coordinates (7,4) and N is a point
on AB such that CN ;Jy_ AB.
B\
C(7,4)
N
x
20 +y =28
. = 4 =2 7
i. Show that BA = (—8) and BC = (_4). 2
ii. By using vector methods, show that 2
cos LZABC = 5
V13
iii. Find a vector u = (Zl) such that u is perpendicular to BA. 1
2
iv. Hence show that 2
N 4
NC = (2)
v. Use vector methods to find the coordinates of V. 1

Question continues overleaf...

NORMANHURST BOYS’ HIGH SCHOOL

INTRODUCTION TO VECTORS



58 PAST EXAMINATION QUESTIONS — 2024 NBHS ASSESSMENT TASK 1

A line ¢ with equation ax + by + ¢ = 0 is drawn in the Cartesian plane,
and P (z9,yo) is located off the line ¢, and point @) has coordinates Q (x1, y1)
which lies on the line . N is a point that is located on the line ¢ such that

PN 1 AB. y

B

Q (xl, yl)
P(Io,yo)

ar+by+c=0

You are given that v = <Z> is a vector that is perpendicular to BA (Do
NOT prove this).
vi. By finding @f’) using the coordinates given, show that 3

—  axg+ byy + c..
NP = —v
var+v:
vii. Briefly explain why the shortest distance from a point (xg,yo) to a line 1
ar + by + ¢ = 0 is given by

|CLJIO + byo + C|

Answers

iii. Any scalar multiple of (f) v. (3,2) vii.Show. Insufficient to state the
perpendicular distance formula.

iv. Show vi. Hint: use ax1 +by1 +¢c=0

INTRODUCTION TO VECTORS NORMANHURST BOYS’ HIGH SCHOOL



NESA Reference Sheet — calculus based courses

Wik
NSW

NSW Education Standards Authority

HIGHER SCHOOL CERTIFICATE EXAMINATION

GOVERNMENT .
Mathematics Advanced
Mathematics Extension 1
Mathematics Extension 2
REFERENCE SHEET
Measurement Financial Mathematics
Length A=P(1+r)
[ = i X 27r
360
Sequences and series
Area
Azixﬂ-ﬁ Tn=a+(n—l)d
360
h n n
A=E(a+b) Sn=§[2a+(n—1)d]=5(a+z)
Surface area T =ar"!
A =272 + 27rh
all=r") alr"-1
A = 4nr? S, = ( )= ( ),r;tl
n 1-r r—1
Volume
v="Lan S=q i<t
3
V="n3
3
Functions Logarithmic and Exponential Functions
‘= —bi\/ézz —4ac logaa":xzalog"x
a

For ax> +bx*> +cx +d = 0:
a+ﬂ+y=—§

¢

a,B+ay+ﬂy=E
and aﬂyz—%

Relations
()c—h)2+(y—k)2=r2




Trigonometric Functions

sinA = m, COSA = a—dj, tanA = ﬂ
hyp hyp adj
1
A =—absinC o
a b c
= = 45°
sinA sinB sinC 1
c? =a*+b* = 2abcosC
2,2 2
cosC= L= -
2ab
2
[=r6
AL /oo
2 1
Trigonometric identities
secA = ! ,co0sA#0
COsA

cosecA = %, sinA =0

sin
COsA .

CotA=——,sinA#0

cos2x + sin®x = 1

Compound angles
sin(A + B) = sinAcos B + cosAsin B

cos(A + B) = cosAcos B —sinAsin B

tan(A + B) _ tanA + tan B
1-tanAtanB
A . 2
If t=tan— then sinA = d
1417
)
cosA=1 !
147
tanA = 2
1-7

cosAcosB = %[COS(A —B) +cos(A + B)]
sinAsinB = %[COS(A —B) —cos(A + B)]
sinAcos B = %[sin(A +B) +sin(4 - B)]

cosAsinB = %[sin(A + B) —sin(4 - B)]

sin’nx = %(1 — cos 2nx)

cos’nx = %(1 + oS 2nx)

Statistical Analysis

_x—u An outlier is a score

o

or

Normal distribution

less than Q; — 1.5 X IQR

more than Q5 + 1.5 X IOR

approximately 68% of scores have
z-scores between -1 and 1
approximately 95% of scores have
z-scores between -2 and 2
approximately 99.7% of scores have
z-scores between -3 and 3

EXX)=u

Var(X) = E[(X - u)?] = E(X?) - u?

Probability

P(AnB)=P(A)P(B)
P(AUB)=P(A) + P(B) - P(ANB)
P(A|B) = P(ﬁ(;)B), P(B)#0

Continuous random variables

X

P(X <x) =J J(x)dx

b
Pla<X <b):,[ f(x)dx

Binomial distribution
P(X=r)="Cp"(1-p)"™"
X ~ Bin(n, p)
= P(X=x)

= (Z)px(l—p)"_x, x=0,1,....n
E(X)=np
Var(X) = np(1-p)




Differential Calculus

Function

y=f(x)"

vy =g(u) where u= f(x)

y=sinf(x)
y=cos f(x)
y=tan f(x)
y=e/®
y=1Inf(x)
y=a’®

=log, /(x)

y=sin"" £(x)

y=cos”' /(x)

y=tan"' f(x)

Derivative

dx

dy
dx

4 _

dx

dy _

dx

LA )

—==/"(x)cos f(x)

dy

dx

dy
dx

dy
dx

dy _
dx

dy
dx

dy

dx

b _

dx

= f'(x)sec

=—/"(x)sin f(x)

2f(x)

= el

=(Ina) f'(x)a’

/(%)
(Ina) f(x)

_ S

~[f)7T

W

=[]

JS'(x)
1+[ /0]

Integral Calculus

1
n+1

Jf’(X)[f(x)]”dx _

where n #—1

S (x)sin f(x)dx =—cos f(x)+c

r

J'(x)cos f(x)dx =sin f(x)+c

r

F(x)sec? £(x)dx = tan £(x) + ¢

r

f’(x)ef(x)dx =W

J sl

( S(x)
f’(x)af(x)dx =4

+c
Ina

)
a-[f)f

J f(x) dx:ltan
a +[f(x) a
Ju—dx = uv—Jv%dx

dx
j e

zb;f{fm)+fao+2LﬂxJ+~~

di = 71f()

[

_1@+c
a

where a =x, and b =x,

[f(x)]n+1 +e

+f(

-1

)]}




Combinatorics

!
np 1!
")
AN n!
(r)_ €=

r(n=r)!

n

1

(x+a)”=x"+( -

_ ny -
)x" 1a+~~+( )x" "a”

+ ...

+a"

Vectors
|13‘=‘x£+yz‘=\/x2+y2

w-y=[ul[v[cos=xx, +yy,,
where u = x;i+y,J

and y=x2£+y22

r=a+A1

1

Complex Numbers

z=a+ib=r(cosO+ isinh)
= re'?
[r(cos 0 + isin 0)]" = r"(cosn@ + isinnd)

— rneme

Mechanics

d dv_ dv _d (1 2)
-7 =—=y—=—|—V
dr* dt dx dx\2

X = acos(nt+ Q’) +c
x=asin(nt+a) + ¢

X= —nz(x -c)

© 2018 NSW Education Standards Authority
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